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A General View
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y = Ax, A 2 Rm⇥nSolve:

Determined (m=n):

Over-Determined (m>n):
<latexit sha1_base64="08A/jHd3DEwhtV10sm2GDkw03pg="></latexit>

arg min
x2Rn

kAx� yk2
<latexit sha1_base64="WMjqf9U3vyYk8A22qBouNf5v85o="></latexit>
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AT y = A+y

Under-Determined (m<n):
<latexit sha1_base64="+vxyZLjijZz1nJ3ZbS6DQTv35B8="></latexit>

arg min
x2Rn

{kxk2 such that Ax = y}
<latexit sha1_base64="bVECaq8uVXNuyE2uGXV4uwGsd44="></latexit>

x = AT
�
AAT
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y = A+y
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Fitting Data
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( )xi, yi

<latexit sha1_base64="jwBMsmKFmypQ0eVR6Bi5xFtBzzI="></latexit>

yi, i = 1, . . . ,m measurements taken at corresponding xi

Hypothesis:

A linear model (in the unknown parameters ) βj

<latexit sha1_base64="/OjZMBvEejbadUEJDL+ze/jKLsY="></latexit>

y = f(x;�) =
nX

j=1

�j'j(x)



Fitting Data

It is unlikely we achieve
<latexit sha1_base64="a+H4eCbJ1NcZ9ii5d2RzWVPmI68="></latexit>

yi = f(xi;�) 8i ) yi = f(xi;�) + �i
Small error, noise

Set
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y = A� + �
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Fitting Data
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( )xi, yi
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y = Ax+ �

Assuming A is a tall, full-rank matrix (i.e rank(A) = n):
<latexit sha1_base64="FciiWrws319+jil8EcaG5vGVI50="></latexit>

x =
�
ATA

��1
AT y

LS will minimize the Euclidean norm of error:
<latexit sha1_base64="62J9fP1DYKyR2/BDAXYiQQMIuqA="></latexit>

arg min
x2Rn

kAx� yk2



Example: Polynomial Regression
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Problem: fit a polynomial of degree < n,
<latexit sha1_base64="0Dbs81PaDVa4uFIbBMCWM8ABlak="></latexit>

p(t) = �0 + �1t+ . . .+ �n�1t
n�1

to data (ti, yi), i = 1…m
<latexit sha1_base64="EIYxh84Phqbhz++09GGHXJdflqo="></latexit>

Basis functions: 'j(t) = tj�1

<latexit sha1_base64="h0eFjuKOK2z8bfTVwLVVxzGIjoA="></latexit>

Matrix form: Aij = 'j(ti) = ti
j�1

Vandermonde matrix

<latexit sha1_base64="qQQSoeviQzaqCxw7iaLTWnQDJ8w="></latexit>

tk 6= t` for k 6= ` and m > n ) A has full rank n



From regression to classification
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Linearly separable data (2 classes):

There exists a hyperplane that separates data space in two regions, each

containing only one class.

Separating hyperplane or 
Linear Discriminant Function



From regression to classification
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Linearly separable data (2 classes):


Separating hyperplane or 
Linear Discriminant Function

<latexit sha1_base64="EhYpG9ZD1jpvZDzwreRGNudQtik="></latexit>

y(x) = wTx+ w0, data point x 2 Rn

<latexit sha1_base64="1HU+D5sVPU22kaik4e7poY66jfE="></latexit>

weight vector w 2 Rn

<latexit sha1_base64="KDJvcqQnTVS0BhqbSTwg6qxAi5Y="></latexit>

bias w0 2 R

Classification rule: 
<latexit sha1_base64="eaIdJz/4ssv2BDd1LBJkzfYUjXw="></latexit>

sign
�
y(x)

�



From regression to classification
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Linearly separable data (2 classes):


Loss: Penalty occurring when mis-predicting sign(y) 

For a data point x with label t ∈ {0,1}
<latexit sha1_base64="NolGGeXfu+v0RpZSsrX38AYyqTk="></latexit>

Lzero-one(y(x), t) =

⇢
0 if sign(y(x)) = t
1 if sign(y(x)) 6= t

Learning: Using labeled training examples,

               find the optimal weight vector that  
               minimises the loss 



From regression to classification
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Linearly separable data (2 classes):


A Least Squares formulation

“Extension” trick:
<latexit sha1_base64="9VMp8H5jH1aVsO+mnAo+l6s1AaY="></latexit>

w̃ = (w0, w) 2 Rn+1
<latexit sha1_base64="E4bPHs5JS92T2cPRNDI0eFEjS4Q="></latexit>

x̃ = (1, x) 2 Rn+1
<latexit sha1_base64="lreIBugNStQDvCt7Gb56nltkOxg="></latexit>

y(x) = w̃T x̃

Loss: forget the binary nature of the prediction  
         and use squared error

<latexit sha1_base64="JrM5KyQQp+dJvd74Qj+lpvGIGm8="></latexit>

Lsquared(y(x), t) =
�
sign(y(x))� t

�2
<latexit sha1_base64="0jNqF3fSXbXikIYh5M5C3j3UHG4="></latexit>

Lsquared(y(x), t) =
�
y(x)� t

�2



From regression to classification
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Linearly separable data (2 classes):


A Least Squares formulation

“Extension” trick:
<latexit sha1_base64="9VMp8H5jH1aVsO+mnAo+l6s1AaY="></latexit>

w̃ = (w0, w) 2 Rn+1
<latexit sha1_base64="E4bPHs5JS92T2cPRNDI0eFEjS4Q="></latexit>

x̃ = (1, x) 2 Rn+1
<latexit sha1_base64="lreIBugNStQDvCt7Gb56nltkOxg="></latexit>

y(x) = w̃T x̃

m training samples data matrix
<latexit sha1_base64="C6kYzv5L4+y4dRacCUkVyOrw7lo="></latexit>

Ltrain =
mX

i=1

(yi � w̃T x̃i)

<latexit sha1_base64="n5zH1chT6b38JK5mqDuNdlhRzJg="></latexit>

X̃ 2 R(n+1)⇥m

<latexit sha1_base64="Q05f0cLdVhWmSmbtnJgb6Cru7ac="></latexit>

Ltrain = kX̃T w̃ � yk22



From regression to classification
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Linearly separable data (2 classes):


A Least Squares formulation

“Extension” trick:
<latexit sha1_base64="9VMp8H5jH1aVsO+mnAo+l6s1AaY="></latexit>

w̃ = (w0, w) 2 Rn+1
<latexit sha1_base64="E4bPHs5JS92T2cPRNDI0eFEjS4Q="></latexit>

x̃ = (1, x) 2 Rn+1
<latexit sha1_base64="lreIBugNStQDvCt7Gb56nltkOxg="></latexit>

y(x) = w̃T x̃

m training samples data matrix
<latexit sha1_base64="C6kYzv5L4+y4dRacCUkVyOrw7lo="></latexit>

Ltrain =
mX

i=1

(yi � w̃T x̃i)

<latexit sha1_base64="n5zH1chT6b38JK5mqDuNdlhRzJg="></latexit>

X̃ 2 R(n+1)⇥m

<latexit sha1_base64="Q05f0cLdVhWmSmbtnJgb6Cru7ac="></latexit>

Ltrain = kX̃T w̃ � yk22



System Identification
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Basic problem: you observe the input  and the corresponding output  
                    of an unknown linear system H. Our goal is to identify a good  
                    model for the system’s action: y(t) = H u(t), where H is linear

u(t) y(t)

H
u(t) y(t)

Example: moving average model
<latexit sha1_base64="2Mwi0Cwm9IBPBA+dYN2kr+x7a48="></latexit>

y(t) = h0u(t) + h1u(t� 1) + . . .+ hnu(t� n), where h0, . . . hn 2 R



System Identification
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H
u(t) y(t)

<latexit sha1_base64="2Mwi0Cwm9IBPBA+dYN2kr+x7a48="></latexit>

y(t) = h0u(t) + h1u(t� 1) + . . .+ hnu(t� n), where h0, . . . hn 2 R

Matrix form:
<latexit sha1_base64="WUBUXrW+krE4uy0NwEFhAb8xPZ4="></latexit>0
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System Identification

15

H
u(t) y(t)

Example:



Prediction / Forecasting / 
Modelling 
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Goal: given n past observations x of a time series, predict the next sample

Example: the autoregressive AR(n) model

<latexit sha1_base64="3h/uKPHB4XhQoO4L8dKgdnAeQH4="></latexit>

x(N) = c+ h1x(N � 1) + h2x(N � 2) + . . .+ hnx(N � n) + �N

Example:



Note: Model order selection
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The larger the order of the model, the lower the error on the data used for training  

Think of linear regression with polynomials

BUT prediction/modeling power on unseen data becomes worse

Solution: Cross-Validation - evaluate performance of model order 

             on data not used for training



Streaming Measurements and 
Recursive Least Squares
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If we view the Least Squares in row form:
<latexit sha1_base64="yb+Q70jsiwolRwWaLbaEfVIxcNg="></latexit>

minimize
n
kAx� yk22 =

mX

i=1

(aTi x� yi)
2
o

m linear observations of the unknown x

Each row performs a measurement 

Find the x that best explains the measurements 

aT
i x ≃ yi

And the solution is written (in terms of rows) as:
<latexit sha1_base64="3XwZt2wDJBGkq7+bXlPRaQSBtm4="></latexit>

x =
⇣ mX

i=1

aia
T
i

⌘�1 mX

i=1

yiai
sum of measurements vectors , 

weighted by observations 

ai

yi



Streaming Measurements and 
Recursive Least Squares
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Now observations come in stream, so we keep adding information about x
<latexit sha1_base64="nU5MciMLiqm6IOjva7p6Hkwd1V4="></latexit>

x(m) =
⇣ mX

i=1

aia
T
i

⌘�1 mX

i=1

yiai

Our goal is to recursively compute the solution as measurements come
<latexit sha1_base64="5vu05X8Zzq8vijitOaJfbkyeyBQ="></latexit>

x(m) = P (m)�1q(m)
<latexit sha1_base64="o5fGXsa8gKXGE+irLXaK4S6aoA4="></latexit>

P (m+ 1) = P (m) + am+1a
T
m+1

<latexit sha1_base64="5UdMR8xtx5jL5Ivz8tOiPlMqmpo="></latexit>

q(m+ 1) = q(m) + ym+1am+1

Challenge: compute the inverse of this rank-1 update efficiently

Easy !



Streaming Measurements and 
Recursive Least Squares
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<latexit sha1_base64="5vu05X8Zzq8vijitOaJfbkyeyBQ="></latexit>

x(m) = P (m)�1q(m)
<latexit sha1_base64="o5fGXsa8gKXGE+irLXaK4S6aoA4="></latexit>

P (m+ 1) = P (m) + am+1a
T
m+1

<latexit sha1_base64="5UdMR8xtx5jL5Ivz8tOiPlMqmpo="></latexit>

q(m+ 1) = q(m) + ym+1am+1

Remark: as P(m) becomes invertible, it will remain so when we add rows

We can compute  using the Sherman-Morrison formula: P(m + 1)−1

<latexit sha1_base64="ciVs0tHU/NYga7OovLdCUp/N+JE="></latexit>

(P + aaT )�1 = P�1 � 1

1 + aTP�1a
(P�1a)(P�1a)T

P non-singular and symmetric
Cost =  instead of  𝒪(n2) 𝒪(n3)


